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Abstract 

Ostrogradsky’s method allows one to construct Hamiltonian formulation for a higher 
derivative system. An application of this approach to the Pais-Uhlenbeck oscillator 
yields the Hamiltonian which is unbounded from below. This leads to the ghost prob¬ 
lem in quantum theory. In order to avoid this nasty feature, the technique previously 
developed in [Acta Phys. Polon. B 36 (2005) 2115] is used to construct an alter¬ 
native Hamiltonian formulation for the multidimensional Pais-Uhlenbeck oscillator of 
arbitrary even order with distinct frequencies of oscillation. This construction is also 
generalized to the case of an M = 2 supersymmetric Pais-Uhlenbeck oscillator. 
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1. Introduction 


Higher derivative theories attract interest mostly due to their nice renormalization prop¬ 
erties [1, 2], The method to construct Hamiltonian formulation for such systems has been 
proposed by Ostrogradsky [3]. In general, Hamiltonians obtained in such a way contain 
terms linear in momenta and are unbounded from below. This leads to the ghost problem 
on quantization [4, 5]. The desire to cure this problem stimulates the investigation of the 
Pais-Uhlenbeck (PU) oscillator [4], 

After applying an appropriate canonical transformation [4, 6], Ostrogradsky’s Hamilto¬ 
nian for the multidimensional PU oscillator of order 2n with distinct frequencies of oscillation 
Wfc, /c = 0,1,n — 1, takes the form 

.. n—1 
^ fc =0 

When conventional quantization scheme is applied, the harmonic oscillators with negative 
overall factor bring about troubles with unbounded from below energy spectrum and, hence, 
with the absence of the ground state [4, 5]. This motivates a search for an alternative 
Hamiltonian formulation and quantization procedure which lead to physically viable quan¬ 
tum theory [7]-[19]. So far the efforts have been focused mostly on the one-dimensional 
PU oscillator of the fourth order [7]-[16], [19]. In particular, an elegant method to obtain 
an alternative canonical formalism with positive-dehnite Hamiltonian has been formulated 
in [7]. This alternative formulation has been realized in two steps. At the hrst stage, two 
functionally independent integrals of motion which are quadratic in variables have been used 
so as to write down an ansatz for the Hamiltonian of the fourth-order PU oscillator. The 
second step implies the derivation of an appropriate Poisson structure. 

An attempt to generalize the results in [7] to the case of higher order PU oscillator 
has been made in [8]. However, this generalization exhibits some features which seem to 
contradict each other. On the one hand, the alternative Hamiltonian in [8] is not positive 
dehnite. In this sense it is not better than Ostrogradsky’s one. On the other hand, it was 
claimed in [8] that the quantum theory of the PU oscillator constructed with the use of the 
alternative Hamiltonian is ghost free. As will be demonstrated below, the reason is that 
the alternative Hamiltonian together with the Poisson structure in [8] do not reproduce the 
equation of motion of the original PU oscillator. 

One of the goals of the present paper is to use the technique introduced in [7] is order 
to obtain an alternative Hamiltonian formulation for the multidimensional PU oscillator of 
arbitrary even order with distinct frequencies of oscillation. We also explain which claims in 
[8] are incorrect. 

Recently, in [20], [21] an A/" = 2 supersymmetric extension of the PU oscillator has been 
constructed. It has been shown that the invariance of the model under time translations 
implies unbounded from below spectrum. The Hamiltonian can be presented as the sum of 
decoupled M = 2 supersymmetric harmonic oscillators with alternating sign. The corre¬ 
sponding quantum theory is characterized by the presence of negative-norm states and by 
the absence of the ground state. Our second concern in this paper is the construction of an 
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alternative Hamiltonian for an A/” = 2 supersymmetric PU oscillator which is achieved by 
generalizing the method in [7] to the Af = 2 supersymmetric case. 

The paper is organized as follows. In the next section we apply the method previously 
developed in Ref. [7] to obtain an alternative Hamiltonian formulation for the PU oscillator 
of order 2n. In Section 3, in the same manner we construct an alternative Hamiltonian 
formalism for an A/” = 2 supersymmetric PU oscillator. We summarize our results and 
discuss possible further developments in the concluding Section 4. Some technical details 
are given in Appendix. 

2. An alternative Hamiltonian formulation for the PU oscillator 


The equation of motion of the multidimensional PU oscillator of order 2n can be written 
in the following form [4] 






0, where crj = ^ a" 

il<i2<"<in-k 


1 . ( 2 ) 


where i = l,2,..,d is a spatial index, while the index in braces denotes the order of time 
derivative. For dehniteness, we choose 0 < Wq < cji < .. < Un-i- This equation can be 
obtained from the action functionaP 


F = 



( 3 ) 


which is invariant under time translations. The Noether theorem yields the integral of motion 

[ 4 ] 


n—1 

fc =0 


where we denoted 



m^k 


It is easy to see that all pk are positive. The quantities Jk are positive-dehnite integrals of 
motion which correspond to the symmetry transformations 



m^k 


^Throughout the work the summation over repeated spatial indices is understood. 
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where e^, k = 0,1,..,n — 1, are infinitesimal parameters. The Noether integral of motion 
which corresponds to the invariance under time translations is unbounded from below. This 
implies a similar property for Ostrogradsky’s Hamiltonian which is the phase space analogue 
of (4). In quantum theory one reveals the well known problems which were discussed in the 
Introduction. 

In the next subsection we remind some basic facts about the approach in [7] which leads 
to an alternative Hamiltonian formulation for the fourth-order PU oscillator. 


2.1. The fourth-order PU oscillator 


According to [7], one can use the quadratic integrals of motion Jq and Ji so as to write 
down an ansatz for an alternative Hamiltonian 


— CHqJq -\- OlTl, 


( 6 ) 


where oq and Oi are arbitrary nonzero constants. This constant of the motion can play the 
role of the Hamiltonian provided the relations 


{xf\v,2} = X. 


_ Jk+1) 


for A; = 0,1, 2; {xf\v, 2 } =-{oJq + u^xY’- 


( 2 ) 


( 7 ) 


hold with respect to some Poisson bracket The latter is to be determined [7]. The 

conditions above can be expressed in the form of a system of linear algebraic equations. A 
unique solution to it yields the following nonvanishing Poisson-like structure relations for 
the variables of the configuration space [7] 


r (1) T 

^ , .2 


1 1 \ , 
—I— 1 Ojj) 


- Uq \ao aij 


r (3) 1 
{Xi,x) '} = 


Wf - UJo 




J 


cat 


cat 


V«0 «!/ ■' 


cat 


cat 


cto di 

Q^O 0^1 


( 8 ) 


Evidently, this Poisson-like structure together with (6) correspond to Ostrogradsky’s Hamil¬ 
tonian formalism if Uo = “1, = 1- 

The canonical coordinates with respect to the Poisson structure (8) have the form [4] 




( 9 ) 


where sign{x) is the standard signum function. Indeed, it is straightforward to verify that 
these variables obey the following nonvanishing structure relations 

{xlp'p} = 6,,6km ( 10 ) 

under the Poisson bracket (8). 
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The Hamiltonian (6) in terms of the canonical variables (9) takes the form 
■H2 = + u^lx^iX^) + ]^sign{ai){p]p\ + ujIx\x\). 

If ao and ai are both positive, then one has a positive-definite Hamiltonian. This obviously 
leads to the ghost-free quantum theory for the fourth-order PU oscillator. 

2.2. The general case 


In order to generalize an alternative Hamiltonian structure obtained in [7] to the case of 
the PU oscillator of order 2n, let us introduce the following integral of motion 


n—1 


^^n ^ ^kJki 


(11) 


k=0 


where constants ak with /c = 0,l,..,?7. — 1 can take arbitrary nonzero values. 

At the next step, we have to search for such a Poisson structure which produces the 
equations 


n—1 


{xf \ A: = 0,1, ..,2n - 2, {xf” 'H„} = - ^ 


dfc+i) 


(2n-l) 




{2k) 


( 12 ) 


k=0 


In contrast to the analysis in the previous subsections, a straightforward calculation of this 
structure faces technical difficulties. Note, however, that (8) can be written in a more 
compact form 


r (s) (m)-) r 

{xy,x) y=WsmOij = 


0 , 


(- 1 ) 


s + m—( —l)"^ 


1 s+m—1 


E 

k=0 


CO 


pk 


(Xk 


s + m - even; 


6ij, s-|-m - odd. 


(13) 


The corresponding Poisson bracket is dehned in the standard way 

2n-l 


{AB}= E 


w 


s,m=0 


dA dB 


(14) 


One can straightforwardly verify that the equations (12) are satished with respect to this 
bracket by making use of the following identities^ 


n—1 


E(-i) 


m=0 

n—1 


m, ‘2m 

^ (y 1 — 

p ^ m,k 

‘ pk 




k=0 


'^kp} 



s = 0 , 1 ,.., n 

^p ; 

s = n, 


( 15 ) 


^The proof of the identities (15) is given in Appendix. 
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where we denote 


^p,k 


n—1 

*1 )*2 ’• - ’^n —p—1^^ 


2 2 2 


a. 


n—l,k 


1 . 


One can also show with the aid of these identities that the variables 


k = 0,l,..,n-l, (16) 

m^k 

obey the structure relations (10) under the Poisson bracket (14). The existence of these 
coordinates implies also that the Jacobi identity is satished for the structure (13). 

The Hamiltonian (11) can be rewritten in the following form 

n—1 

= 2 ^^9niak)iPiPi + ujIx\x\). (17) 

^ fc =0 

The choice = (—1)^+^ corresponds to Ostrogradsky’s approach. But if all constants are 
positive, the alternative Hamiltonian is positive-definite and is more suitable for physical 
applications. 

In Refs. [16, 17], in order to obtain an alternative Hamiltonian formulation of the PU 
oscillator, another approach is used which is based on the observation that the equation of 
motion (2) is equivalent to a system of second-order differential equations which describe 
a set of decoupled harmonic oscillators. Then the Hamiltonian formulation of the latter 
system is linked to the PU oscillator as well. The Hamiltonian (17) coincides with that in 
[16, 17]. 


Xi 


=\/\ak\pk n 


dt"^ 


+ ^m U, Pi = sign{ak) 


dXi 

dt 


2.3. About the results in Ref. [8] 


Let us consider an alternative Hamiltonian structure for the one-dimensional PU oscilla¬ 
tor of the order 2n which has been obtained in Ref. [8]. The authors introduce the alternative 
Hamiltonian of the form 

ri—1 

fc =0 


where 
bk = 


n—1 

n - ^]) 

j=0 





2 I '~'m,k‘‘ 

m=0 


n (2m+l) 


OJt 




n—1 

E <*■ 

\m=0 


.(2m) 


(18) 


It is evident that H is not positive dehnite because for each value of n = 2,3,.. there are 
negative coefficients among bk- In particular, for the fourth-order case one hnds 
1 1 1 


H = 




-Ho + 


OJ-, 


Hi = 




-{UiHq — UJqHi). 


(19) 
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In this sense the Hamiltonian H is not better than Ostrogradsky’s one (4). It comes as a 
surprise that the quantum analogue of (19) presented in [8] has the form (Eq. (40) in [8]) 



( 20 ) 


where a^, a\ are the creation and annihilation operators which obey the conventional com¬ 
mutation relations. It is obvious that the quantum theory determined by (20) is ghost-free. 
It was claimed in [8] that the Poisson structure 


{x, = 2(a;o + cui), (x, = -2{uq + uf), 

= 2(a;^ + n;i), {x^‘^\x^^'>} = 2 {uq + ul) 


yield equations (7) which involve the Hamiltonian (19). However, the straightforward cal¬ 
culations give 


{x, H} = -2{ul + ujI)x^^^ - 4x®, 
{x^‘^\H} = + 2(uq + ujI)x^^\ 


H} = AuquIx -|- 2(a;o + ojI)x^‘^\ 

H} = —2uqUi{uq + ul)x — 2 {uJq + uj{)x^‘^\ 


which differ from (7). 

Suppose the coefficients bk are allowed to be amended, while the Poisson structure is 
hxed in the form (13). With the aid of (8) one can End the Hamiltonian which corresponds 
to the structure (21). Demanding the right hand sides in Eqs. (8) and (21) to be equal to 
each other, one gets the system of three linear equations involving two variables ao and cki 


1 

, ,2 _ , ,2 



— 2(020 + <^l)) 




2{uq -I- ul), 


which has the solution 


2(wq -|- 0 ;^), 


1 

2uk{uj‘f-UQ)' 

Taking into account (5), one finally concludes that the correct choice of the coefficients bk 
in (18) for the fourth-order case is 


" 2uk{ujj-uir- 

Higher-order PU oscillators can be treated likewise. 
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2.4. Compatible generalizations 


Consider the deformation of the Hamiltonian (11) 

n^nt = 'Hn + U, (22) 

where U = U{xi, xf\ xf"^ ^^) is an arbitrary function. Let us require this function to obey 
the equations 


{xf\u} = Q, A; = 0,l,..,2n-2 

under the bracket (14). These conditions can be presented in the form 


n—1 




m=0 

n—1 


dx 


du ^ 


(2m+l) 


A:=0 




___ p)TT ^ , ,2s+2m 


m=0 


dx 


(2m) 
i A:=0 




= 0, 

s = 0,1,.., n — 1, 

(23) 

0, 

s = 0,1,.., n — 2. 

(24) 


Subsystems (23) and (24) can be treated separately. The first subsystem (23) is homogeneous 
and includes n linear equations involving n partial derivatives of the function U. The matrix 
of this subsystem can be represented as follows 


/I 


A = 




CUn 


OJ, 


U). 


n—1 


2(n-l) 2(n-l) 

y cuo oji 


0 

Cto 


. 2(n-l) , 
^n-1 / 


0 \ 


fh 

cti 


0 0 


Pn—l 


/I 




OJ. 


-u 


2\n—l 


\ 1 — U, 


n—1 




a, 




The corresponding determinant reads 

n—1 


, n(n — l) 

(let A = (—1) 2 


n—1 


n A-o] n 

^*l<*2=0 / i=0 


fk 

a,' 


n(n-l) 

-1) ^ 
n—1 

n 

i=0 


Then the matrix of the subsystem (23) is nondegenerate and one has only the trivial solution 

dU 


(2m+l) 


dx 


= 0, with m = 0,1,.., n — 1. 


(25) 


The subsystem (24) is a homogeneous system of n — 1 linear equations on n partial 
derivatives of the function U which has inhnitely many solutions. 
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It is straightforward to verify that owing to (24) the following relations 


dU 


dU 


dU 


n—1 




dxi 


n—1 


E ^kf^lkPk 


dx. 


( 2 ) 


n—1 




2(n-l) 


hold. When verifying these formulae, the identities (15) prove to be helpful. Thus, we have 
the following ansatz for the function U 


n—1 


'n—1 


U = U ak(T^ f^pkx\ 

\k,m=0 


(2m) 


siyn{a,,) ^/\ak\pk^i 


( 26 ) 


. fc =0 


which preserves the Hamiltonian structure of the equations 


{xf'\'Hint} = 


(fc+i) 


k = 0,1, ..,2n — 2. 


Then the Hamiltonian T-Lint can be viewed as describing a deformed PU oscillator whose 
equations of motion read 


= (27) 

k=0 

In a recent work [17] (see also [16]), this modihcation of the one-dimensional PU oscillator^ 
has been investigated with the use of the concept of the Lagrange anchor [24]. It was demon¬ 
strated that (27) follows from the variational problem only if = (—l)^’*'^. Otherwise, this 
equation can be viewed as a non-variational deformation of the original PU oscillator. We 
thus conclude that the model in [17] can be treated as the unique generalization of the PU 
oscillator which is compatible with the Poisson structure (13). 

The existence of the class of functions (26) allows one to construct new interacting non- 
variational systems which admit canonical formulation with positive-dehnite Hamiltonian. 
It suffices to choose all ak to be positive. Then the Hamiltonian 

(pfpf + + lp.Pi + U, 

k=0 

together with the Poisson structure which results from (13) and the relations 


n—1 


'Hint = 9 E 


n—1 


^ •JUkPkx'l V'liyt) 


( 28 ) 


k=0 


^iji Pi ilii 


correspond to the PU oscillator and nonrelativistic particle which interact with each other. 
The dynamics of this model obeys the following system of equations 


E 

A:=0 




{2k) 


-U2{xf^-^\U^} = 0, 


m-u,^ = o. 

mji 


( 29 ) 


^About deformations of the PU oscillator see also [22, 23] and references therein. 



If the function U = U 1 U 2 is positive-definite, then the Hamiltonian (28) also has the same 
property. 

In a similar fashion one can realize the coupling of the PU oscillator with the harmonic 
oscillator, with another PU oscillator, etc. Many particle generalization is straightforward 
as well. 

3. J\f = 2 supersymmetric PU oscillator 

3.1. An alternative Hamiltonian formalism 


Let us generalize the results obtained in the previous section to the case of A/” = 2 
supersymmetric PU oscillator [20, 21]. Apart from Xi this model is described by extra 
bosonic coordinates Zi and by fermionic coordinates which are complex conjugate to 

each other. The evolution of Xi is governed by (2) while the dynamics of other variables is 
described by 

n-l / , X n-l / ,9 X n-1 


n 


d . 

— lU]^ 

dt 


m=l ^ 


m=l—n 


d 


\ - 


0 , JJ () V"* = 0 , (30) 


m=l—n 

where we denoted = —^k- 

The equations (2), (30) can be derived from the action functional [21] 
5 = 1/ dt ]/ Xi - n A 


J 


n—1 


n—1 


n (I - “‘) * -n (li 

k=l—n ^ ^ k=l ^ 

This action is invariant under time translations. The corresponding Noether integral of 
motion can be presented in the form [21] 


(31) 


+ ul \ Zi 


n—1 


n—1 


n—1 


k=0 fc=—n+l k=l 

where Jk with k = 0,1, ..,n — 1 are dehned in (5), while"^ 

n—1 / , \ n—1 


(32) 


Ft = 




m=—n+l 
m^k 


2L 

dt 


— iu„ 


v-i n 


m=—n+l 
m^k 


— + iojm j 'ijji, jdk j 


n - ujk) 


■ 1 = —n+l 
i^k 


J —k. — 


f-^k 


t II— 1 1 ,2 


n 

V 7 n=l 

m^k 


1 (*j+‘^" 


dzj 

dt 


\ 


+ 


t^kUJk 


( n—1 

n 

V m=l 
m^k 


dt^ + 




(33) 


) hfc 


- 1 ) 


k-\-l 


n—1 

n 

i=l 

i^k 


■^For the fourth-order Af = 2 supersymmetric PU oscillator the integral of motion J_i = i (^) -t ^xlzf 
corresponds to the symmetry transformations Szi = {zi, Zj} = Sij. 
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The quantities and J-k are integrals of motion which correspond to the following 
symmetry transformations 


6iJi 



m^k 


d%IJi 


n—1 


-A n 

m=—n+l 
m^k 


d 



dtl)i 

dt 



m^k 


where Sk and e-k are infinitesimal parameters of the transformations corresponding to Fk 
and J-ki respectively. 

If we deform the Hamiltonian (32) as follows® 


n—1 

kt = ^ {oikJk + IkFk) 

k=—n-\-l 


(34) 


and require that the equations (12) and their analogues for the variables '0*, '0*, Zi are 
satisfied, then the following graded Poisson bracket is found 


2n-l 


OA OB 


2n—3 




{A,B} - ^ ^ (s) o (m) ' ^ (s) o (m) 

s,m=o ox\ dx\ ,^^=0 dzl dz] 


E 


dA dB 

^ fim. T”^ ~ T 


2n—2 


E 

5 rn=0 


W W 'tB 


(35) 




+ 


P) 


where the coefficients fsm and Wsm are dehned by 

0 , 


y 1 , ,s+m/0 

f ^ ^k Pk ^ 

J sm ^ ^ _ ? ^sra 


s + m - even; 


k=—n+l 


Ik 


/ ^s ^ ^ / ,5+m—1,, f36) 

s+m-(-l) V U), V / 

-1) 2 2 -^~ -’ '5 + ^ - odd, 


fc=i 


Oi-k 


and Wsm was introduced in (13). The fact that this bracket produces the Hamiltonian 
equations for all the variables of the conhguration space of an A/” = 2 supersymmetric PU 
oscillator can be verihed in the same way as it has been done for the Poisson structure (13) 
in the previous section (some helpful formulae are given in Appendix). 

Let us introduce the oscillator coordinates [4, 21] 


n—1 


Xi 


„-k 


/ \ dx~^ 

= \/\a_k\Pk JJ i-^ + ul^jzi, p~’" = sign{a-k)—^, k = 1,2, ..,n - 1, 


m=l 

m^k 


n-l /j \ 

i^i = Vbkl^k JJ 1^—- iuJmj ij- = {iJiY, k = -n + l,..,n-l, 


dt 


( 37 ) 


m=—n+l 
m^k 


^As usual, all coefficients are arbitrary nonzero constants. 
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where (•)* stands for the complex conjugation. These coordinates obey the structure relations 

= 6ij6km, sign{'yk)Sij6km- (38) 

In terms of coordinates (16), (37) the Hamiltonian (34) takes the form 

.. n—1 

77 = - {si9n{ak){PiPi + ujIx-x-) + 2sign{-fk)uJki^-^-) . 

k=—n-\-l 

As in the bosonic case, one has a Hamiltonian which is more suitable for quantization only 
if all coefficients are positive. On the other hand, the presence of the negative coefficients 
7 fc leads to the structure relations = i6ij5km (see (38)). As was demonstrated in 

[21], on quantization these relations immediately bring about the negative norm states. So, 
one has to set all the coefficients 'jk to be positive as well. The corresponding Hamiltonian 
reads 


n—1 




(39) 


k=—n+l 


Along with the Hamiltonian, the full formulation of an A/” = 2 supersymmetric PU 
oscillator involves supercharges. We obtain these in the next subsection. 

3.2. Supercharges and other integrals of motion 

The form of the Hamiltonian (39) allows one to use the action functional 

, „ n-l 




k=—n-\-l 


dt E (ifif - 


(40) 


SO as to obtain integrals of motion for the original M = 2 supersymmetric PU oscillator. In 
particular, the Hamiltonian (39) is the Noether integral of motion which corresponds to the 
invariance under time translations. Moreover, a conventional Hamiltonian formulation for 
the model (40) leads to the structure relations (10), (38) (for technical details see, e.g. [21]). 
The supersymmetry transformations 


5x\ = 'ip’la + Si/jf = -{ix\ - Ukx\)a, = -{ix\ + Ukx\)a, 

lead to the desirable supercharges 


n—1 

0 = E 


n—1 

^ iukx\) , Q= Y 'iPi {Pi + i^kXi) . 


(41) 


(42) 


/c=—n+1 k=—n-\-l 

The action functional (40) is also invariant under the bosonic and fermionic translations 

1 

(Xk 


6x^^ = cos iukt)a’p + — sin iukt)b'p, 5^)^ = 


11 



as well as under rotations 


6xi = dijjf = oJijtl)^, where ojij = —uji, 

and the 17(1) -R-symmetry transformations 


The Noether theorem yields the integrals of motion 


= cos {ukt)p’^ + Uk sin {ukt)xl 

Xf = — sin {ukt)p^ - cos {ukt)xl Tf = , 

i^k 


n—1 

Mij= -xfipY 

k=—n+l 


n—1 

E *‘'^1 

k=—n+l 


(43) 


which obey 



= -2iH, 


- A^5jk — Aj5ik, 

= P^ X^ 



{H, 

= iuJk^i, 

{H, = 

-iuJk'^i, 

{H, Pt} = 


{H,X^} 

_ pk 

{J,Q} = 

-- -iQ, 

{Q,^} = 

-tP^^ + UkX^, 

{Q,Pt} = 

-ioJk'lli, 

{Q,xn 

= 

{J,Q} = 

- iQ , 


3 

1 

1 

{Q,Pt} = 

iook^t 

{Q,x^} 

= 


} ^^ij^km, 






= 


Despite the fact that our alternative Hamiltonian formulation has been obtained beyond 
the conventional technique, we are still able to use the Noether theorem to construct integrals 
of motion of an M = 2 supersymmetric PU oscillator by using of the action functional (40). 

To conclude this section, let us clarify some details regarding quantization of an A/” = 2 
supersymmetric PU oscillator with the Hamiltonian (39). In order to construct a quantum 
counterpart of this model, we introduce the hermitian operators 7^, p^ and the operators 
tjjf, which are hermitian conjugates of each other. In accord with (10), (38), one hnds 
the following nonvanishing (anti)commutation relations 


= ih6km5ij, = hSkmS, 


ij- 


Let us also introduce the creation af, cf and annihilation af = (af)^ cf = (cf)^ operators 




«• = 


2h ^ ^ 


^ 1 


cf = < 


^/2u\k\h 


Pi, 


^/h 

— 


2h * 


^/2u\k\fi 


Pi, 





k = —n + 1,.., n — 1, 

k = 0,1 ,.., n — 1, 
k = -n + 1 ,.., -1, 
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which obey the structure relations 

[all, a™] = {c^ cf} = 

The quantum Hamiltonian can be written in the form® 

n—1 

Y. • (44) 

k=—n-\-l 

Evidently, this variant of the quantum M = 2 supersymmetric PU oscillator has a stable 
ground state as well as a bounded from below energy spectrum. The Hilbert space does not 
contain negative norm states. 

4. Conclusion 

In this paper we have constructed an alternative canonical formulation for the PU oscilla¬ 
tor of order 2n with positive-dehnite Hamiltonian following the method originally proposed 
in [7]. The corresponding Poisson structure has been used in order to hnd possible gen¬ 
eralizations of the PU oscillator which are compatible with the alternative Hamiltonian 
formulation. A procedure to construct interacting many-body mechanics whose dynamics is 
governed by a system of nonvariational equations has been proposed. An alternative Hamil¬ 
tonian formulation for an A/” = 2 supersymmetric PU oscillator has been constructed as 
well. 

In Refs. [25, 26] (see also [27]-[30]) it was shown that the PU oscillator is conformal in¬ 
variant provided frequencies of oscillation form the arithmetic sequence Uk = {2k + l)uQ. It is 
interesting to investigate how the conformal invariance can be realized within the framework 
of the alternative Hamiltonian formulation. Possible generalizations of an A/” = 2 super- 
symmetric PU oscillator which are compatible with the graded Poisson structure are worth 
studying as well. This requires more a sophisticated construction because one has to deform 
both the Hamiltonian and the supercharges in such a way that these deformations preserve 
both the Hamiltonian structure of the equations of motions and the algebra. 

In Refs. [16, 17] the stability of the PU oscillator has been investigated with the aid of the 
concept of the Lagrange anchor [24]. The latter can be applied to study higher-derivative 
held theories as well [16]. It is of interest to see how this method works for an A/” = 2 
supersymmetric PU oscillator. 
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Appendix. The proof of identities (15) 


a) Let us prove that 

/_-| \k 

E l -| ,2s _ V X 

( 1) ^s,k ~ ^kp- 

s=0 

First take into account that cr”;!. can be represented in the form [31] 



-1 

, ,2 

, ,2s-2 

, ,2s+2 

, ,2n—2 


1 

Uq 

.. Uq 

Uq 
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, ,2 

, ,2s-2 

, ,2s+2 

, ,2n—2 
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, ,2s-2 

, ,2s+2 

, ,2n—2 

= Vp. 
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‘^k-1 ■ 

•• <^k-l 
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••• ^k-i 

-I 
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, ,2s-2 

25+2 

2n—2 
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-1 

, ,2 

, ,2s-2 

, ,2s+2 

, ,2n—2 


1 

^n—1 

^n—1 

^n—1 

OJn—i 


(Al) 


n—1 

where V = [Q is the Vandermonde determinant. Then the identity (dl) can 

il<*2=0 

be written in the form 




1 



.. a;2n-4 

2n 2 

P 



1 


^0 

2n-4 

.. Uq 

2n-2 

Uq 

n—1 

1 

1 

^l-l 

4 

^k-1 • 

2n-4 

^k-l 

2n—2 
^k-l 

Vpk 

s=0 

1 

2 

4 

^k+1 • 

2n-4 

^k+1 

2n-2 

^k+l 



1 


^n-l • 

2n-4 
•• ^n-1 

2n-2 
^n-1 • 


li p = k the determinant is equal to (—1)^V. Otherwise, it is zero. So, one has 


n—1 


E(-i) 

s=0 


s ,2s 

<7 


p s,k 


Vpk 


{-lfV5kp = 


-1)^ 


pk 


Pkp' 


b) Let us prove another identity from (15) 

n—1 

'^{-ifi-ujlycTp^kPk = Ssp, where s = 0,1,.., n - 1. {A2) 

k=0 
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n—1 


At the first step, let us show that it holds for p = 0. Taking into account that erg ^ = H 
one obtains 


i=0 

ii^k 


n—1 


n—1 n—1 




k=0 


i=0 k=0 




V 


i=0 


OJ, 


2(s-l) 2(s-l) 
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2(s-l) 
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... 1 


^Li 


OJ, 


2(n-2) 2(n-2) 


OJ, 


OJ, 


2(n-2) 

n—1 


which implies that 


n—1 




k=0 


for 0 < s < n — 1. Let us consider the case p = s = 0 and prove by induction that 


n—1 


=1. 


k=0 


Indeed, it is straightforward to verify that this identity holds for n = 2. Then the chain of 
identical transformations 

n n—1 n—1 n—1 

5;(-i)Vj+Vt = (-ir<v«+= (-!)>» = 


k=0 


k=0 


i=0 k=0 


n—1 

i=0 

n—1 

■ + E 

k={l 

/ 1 ^ 

^n^0,k 


n—1 

i=0 

n-1 ( 2 

1 \^n 

n—1 

n « - ^n) 

m=0 

n 

n (^m - ^l) 

m=0 

m^k 

n—1 

n 

m=0 

(oj^ -Uj‘^) 
\^m ^nJ 

2^ n-1 

*:=0 H {ojI 

m=0 

m^k 

n—1 

i=0 

n—1 

■ + E 

k=0 

rr^ 

^0,k 

n—1 

+E- 

k=0 

^k^0,k 


n—1 

n (^m - ^n) 

m=0 

n—1 

n (^m - <^l) 

m=0 

m^k 

n 

n (^m - 

m=0 

m^k 

^l) 


n—1 


n—1 

i=0 


n-1 ,2^«+l 

(- 1 ) ao,kPk + ^ 


k=0 


n (a.ii - oji) " ^-=0 n - o 

m=0 


m=0 

m^k 
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n—1 


/ 


n—1 




+ n-1 ' ° 


1 

H-^ 


A:=0 


n 


oj: 


m=0 


E 


,2 n+l 
‘^k^O,k 


i=0 


\ 


n—1 


n«-^D 


m n/ 


m^k 


m=0 


n—1 


n—1 


' ^ {jj ' ^ ^ 

k=0 ”■ A:=0 fc=0 

results in 

n—1 




(-43) 


k=0 


At the next step, let us prove that the identity (A2) holds for s > p. To this end, we use 
the following relation 


n—1 


<,fc = where ^ 


l<i2<..<ip=0 11 12 




Let us also dehne 


n—1 


‘^;‘= E 


ul w?. .uf 


il<i2<--<ip=0 *1 *2 ip 


Then it is easy to show that 


^ = E 


(-ly 


-a: 


, ,2m p-rai 

r. ^k 

m=0 ^ 


where, by dehnition, we have set Aq = 1. At this stage one hnds 

n—1 n—1 p 




- 1 )’ 


A n „n 

^-rr^CFn k = 


k=0 


k=0 


. ,2m ^p-m'^0,k 

n ^k 
m=0 ^ 


n—1 


a;_„ 


m=0 


/c=0 


According to (A3) the latter expression is equal to zero if s > p. If s = p, one has 


n—1 


^ = E = a; = 1. 


m=0 


k=0 


m=0 


So, we have shown that the identity (A2) holds for n — 1 > s > p. In order to hnish the 
proof, one needs to use the relation 


n—p—1 


n _ n _ n _. n _ 

^p,k — ^p+1 ^k^p+l,k ^p,k — 


EM) 


r 2r n 
^k ^p+r+li 


r=0 
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where we have taken into account that o'^_i /^ = = 1. Then one hnds 


n—1 


n—1 


n—p—1 




k=0 


k=0 


r=0 


n—p—1 n—1 

E <+-+1 

r=0 k=0 


n—p—1 


= E (- 1 ) 


r=0 


r+s p+r+1 

V 


u, 


2{r+s) ^ ^2(r+s) 

0 


Wn 
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U 
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2(n-2) 2(n-2) 




... U, 


2(r+s) 

n—1 


... 1 


OJ, 


n—1 


OJ. 


2(n-2) 

n—1 


So, if the inequalities 0<r + s<n — 2 are satished, this expression is equal to zero. This 
is true for s < p. Thus, the identity (A2) is proved. 


c) In order to show that the identity 


n—1 




k=0 


holds, let us make the following identical transformations 
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(- 1 )" = -<• 


m=0 


which establishes {A4). 

d) When verifying the fact that the graded Poisson bracket (35) produces the Hamiltonian 
equations of motion for all the variables of the conhguration space of an M = 2 supersym¬ 
metric PU oscillator, the following analogues of the identities (15) 


2n-2 

^ ^ ^q'-'r,k 

r=0 


_-i \n-i-fc—1 y 2 / \ 

r \ { 1 ,2r-^n V 

A *• 4* 


r, ,r ~n _ 

u — 


k+l 


^rt CT v- h ^qk 7 


r=0 


n—1 




^spi ^ O 5 1 ? 2 , 


k=—n-\-l 

n—1 


-a;, s = 2n-l 

^ 0, 1, ..jTl 2, 


' s = n - 1 


k=l 


prove to be helpful. Here we denoted 


~n _ 
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E 
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By dehnition, = a^n-i = K- 2 ,k = K-i = 1- 


n—1 

. , ^ 
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2 2 2 
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